
F. Formalism

a category consists of 3 things :

( i ) a collection Old C) of objects
(2) for each pair X

,
Y E Obl C) a set

Mor ( X. Y)

of morphine such that Mor IX. X ) has a dishnguised eltIx
(3) for each triple X. Y

,
Ze Ob (E) a composition

° : Mor 1 KY ) × Mor ( Y
.

Z ) → Mork ,Z )

satisfying fo 11 = f
11 of  = f

Cfog) oh = fo (goh )

examples
7) category of topological spaces

T

Ob ( J ) = topological spaces

Mor ( Xi Y ) = { continuous functions f :X → Y }

composition Is composition of functions

2) CWCT Obkw ) =kWcomplexes }
Mor and ° from J

3) category of groups G and homomorphisms
4) Abc G abelian

groups
5) homotopy category H

Old H ) = { topological spaces }

Mor IX. Y) = { homotopy classes of maps X → Y }

6) category of chain complexes C

Ob (E) ={chain '

complexes}
Mor ( X ,Y ) = { chain '

maps X → Y }

o is composition of chain maps



7) it G a group we have a category CG where

Ob ( Cg ) :{ * }

Mor ( *
,

* ) = G

° Is group multiplication so morphisms do not

have to be ma# !

a covariant functor F from the category C to the

category D

assignees to each X € Obk ) an object F ( x) c- Ob (D)

and to each ft Mor I Xie ) a Morphis m FH ) E Mor ( FCX)
,

FCYD

st
. Fl1×l= Iran and

F Hog ) = FH ) . Flg )

a contract lunch is the same except it f e Mor IX. Y)

then F ( f ) C- Mor( FLY), F (XD and F ( fog )= FG ) of (f)

examples ' homotopy category of pointed spaces-
d

fundamental group t

' ) Ti Is a covariant functor from

H*
to G ← category of

a topological spaces groups
2) (

*
Is a covariant teacher from 7 to C ← chain complexes

T
singular chain complex

3) H* Is a covariant fuuctor from C to {graded abelian groups}=GR4) Hoc Is a functor from 7 to GR
and induces one from H to GR

5) for fixed n Hao C is a fun car H to Ab ← abelian groups

6) V= category of vector spaces and linear maps

duality
*

is a Contra variant functor V to 2✓

a natural transform T between functors F. G : C→D Is an

assignment of a m orphism Tx : FCX ) → 6 1 X) V. Xe Oblc )



such that for each Morphis m f c. Mor IX. Y) in C

FIX ) ¥% FLY )

ftx ° LI ,

GCH
GCX) -7614 )

examines:

1 ) let PT be category of pairs 14 A) of topologicalspaces

for each n
,

Hn is a function from PT to A

given IX. A) e OBCPT ) let

In : Ha ( X. A) → Hn
. ,( At = Hu

. ,( A. or )

be the map in the long exact sequence of a pair
( and if Bt A then define 2n : Hn IX. A) → Hal B. c)

to be 0 )

then 2n Is a natural transform

2) It f : G. → G
,

a home omorphism of abelian
groups

then we get an induced map H
* IX. ' b.)→ It

*
( x; Gd

that behaves
"

naturally
"

with respect to maps
X → Y

this gives a natural transformation H*l . ; 6
,
) to H*l -

; G
.
)

a (generalized homology theory Is a set of functors

hn : PT → A

together with natural

transforms2n
: hnl X. At → hn

. , 1A
,

0 )

satisfying 1) (

Hwy
) it f. g :( X. A) → I Y, B) are homotopci

as maps of pairs , then hn CH = hn (g)

2) (Exactness) H pairs ( X. A)
,

ii. A  → X
, s :CX.a) → ( x. A)

the sequence

hnthhnithnlx) has

hn(
X.A)

Is
ha

.
,lA)

is exact Hn



3) I

Excised
it ZCE c intact cx then the

inclusion map
i : I X - Z

, A- ⇒ → 1 X
,

A) induces an

Isomorphism hnh ) : hnlx . z , A - z ) → hfX. Al Vn

4) I

Additively
) it (X. A) Is a disjoint union of

pairs (Xx
,

AD
,

XEI
,

then the inclusion

Maps lxi (Xx ,Ax ) → ( KA ) induce an

isomorphism +0×(1×1 : Oxhnlk
,  

.AM →

hnlx.AT#Eilenbeghteenrod) :

If { hn } and { 2) is a generalized homology theory that satisfies

(

Dined

hn ( PA = {Go
"

Ifo some abelian groupG

← singular homology
then for any

CW pair I X
,

A)
, hn IX. A) I Hnl X. A ; 6)

Heatproof : look back at section D and see you can compute

hnlx , A) for any
CW - complex based only on the axioms

so any
2 such tunctors will need to give Are same answer

for X.A)
#

G
. Trickyhomology

the elements of Hn ( x ) might be
,

at the moment
,

somewhat

mysterious
here Is something that seems more concrete

let M ! Nh be 2 smooth oriented manifolds

call 2 maps fo: Mk→ X and f. : Nk → X cobordant it 3 a smooth

oriented manifold Wht '

and a map
F : W → X such that

← reverse orientation
2W= - M u N

Fln = fo
,

add F1~=f ,



stainingf. T
f ,=

Tf ,

0 0

0¥:

let RHIX ) = cobordism classes of maps of k - manifolds into X

group structure Is disjoint union

this is nice since we can think of

RM ) as union of 5 's In X (modulo surfaces )

rdX ) as union of surfaces in X l modulo 3 - manifolds )
:
.

however geometrically appealing this might be It Is actually very complicated

E k= 0

0
1

0 2

0 3

Z 4

rimed5

;
EQE 8

2%0 Elz 9

Z% 10

€12 "

* 0 n 't 8

where as Hnlpt ) = {to
k=0

k¥0

Fact : In Is a generalized homology theory

every smooth manifold M
"

has a triangulation ,
that  Is a union

of embedded n - sniplicies with disjoint interiors st
.

each @- i ) - simplex



Is the face of exactly one n - simplex lit ZM ⇐ 0 ) or two n - simplicities
( and the G-A - simplex Is oriented oppositely by two n - siinpkiies )

nai

⇐⇐#0f÷¥l
lemma 29 '

# M is an oriented
,

smooth
, compact n - manifold

then any map f : M → X defines an n . chain in ( nk )

2) it M does not have boundary then f- defines an n - cycle

( and hence an element [ f ( ml ] in Hnlx ))

3) it M does not have boundary and f- and
g are

homotopic ,
then [ flu ) ] :[ gl m ) ] E Hnlx )

4) if W Is a compact ( ntl ) - manifold with 2W = - MoIM ,

and F :W→X Is a map ,
then [FIn

.

]=[ Flu
,
] In Hnlx)

Proofidea_ triangulate M with simplicies G. .  . on

then too
,

are singular n - siinpkiies
can assemble them so all statements true

#y

Remand: So we get a map rnlx ) → Hklx)

i ) map surjectwe for k£6 I so any homology class Is
" realized

"

by a manifold ! )

2) map Is an isomorphism for k£3

3) for k 27 ] homology classes that can't be realized by
a manifold but H a e H IX ) some multiple nx

k

can be realized
.


