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Qa Cal‘egorg tonsists 07[ 3 ‘f/l”jw
(1) a collection OLC) of o&géa‘s

@ for cach pair X7 € Ob(C) a see
Mor (X,¥)
of Mﬂf;ﬂhZJ’M)’ soch that Mor (XX) has a a//}hn]uz,}e/ el 1,
G) for each M/'ﬂ/e KrzsOL(€) a wn'f@s/?"[o'n

o i Mor (K) *Mor(t, 2) — Mor(X,2)

{a'l’l'S()/l':!j foa = f
Yof =F
(Fo9)oh = fo(goh)

Grawmples
1) Ca '{e/po//v of fo/ao/oycbﬁz spaLes v

Ob(T) = topologi ol goac es
Mor (X.5) = { conturuous functrons £ix—y'}

wm/JOSZﬁbh 23 COM/DSJfZ&-n O'F 7£W161‘2;9n5

2 CWe T obL(CL) 4% co:n//argf
MD/‘ G/\O( ° &DMT

3) category of groups H ond homo mosphisms
) Abck wbelan groups
5) homotopy category ¥
Ob(¥) = § fopo/ofaaf s/zu,c;}
Mor (X,7) = {homotgoy classes of mé p$ X=2Yf

¢) cm‘?ja/y of chan comp/ﬂv(es C
OLE) = fchadi &.om/a/é;\’ejj
Mor (X,x) = { chaoi maps X}

0 5 wmpasl-f?&n 07[’ C[/lal;i ma,os



N F 6o grovp we have « wl‘fja/‘y fé where
Ob(C, ) %)
MO/'(*I'k): G

o s j‘/‘oap ma/ﬁ,bh'ca(/o'm so mo//él_'{»f.s olonot
hove to be mapsl

a covastant 7cuo'lC{79f‘ F 'f‘f‘oM the cafeyofy € to the
M{Cjory D
assignes fo each XeOblE) an objéa" F(x) € OL(D)
and to each fé€ Mor(XY) a morphism F(#) & Mor (F(X) F(Y)

s F(A,)- JLFM and

F(te9) = F&)-Flg)

a cortravarignt functor is the some except & Fé MorlX7)
then F(f) éN\or[F/f’), F[X)) and F[foj); F(3)° E(F)

. ho e of vited
F/devﬁ/ej./ Sl meu ta 17/aa/ ‘Zwt‘vpy catejory pouite Jpaces
) N 5 a covariant functor from W= 4 < @y of .
c/fopolo7('oa[ spaces J P4

D) Ly B @ covarant tunctor from 7 to C «—— cha i com/o)WJS
R Sij.[ar chain Com,d%’

VH, 6 a wvorenr fucths from € to {graded abelon groups f= R
Y HoC s o functor from 7 gﬂ.
ond viduwes one From o o LR
5) for fxed v M,oC is o hunctor ¥ fo Abp = 2oel0n 5o
6) - category of vectrr spaces and [wea, maps
o(ua/nly * % a contrawrignt tunctor YV oY

a natwal z‘)’am;'léfm 7 between functors F G:C—D s am
assi]nmenf— of a mor‘/he}m 7; "F'[)()—'?G[X) Y xe OblZ)




SUGL z%ak 7%/ each MO/‘/o/l@M 75 € Mo, [X,f/) m C
Fix) =5 Frp)

[ = %
o0 25 1)

Examples :

, 1) /ef— ?7 be Cﬂ'k’fafy of pal’s I&A) r?‘)c '('Dpa/0j£&a€ spaces
for each n, H, & a functor from fj fo A
guea (X, 4) e OL(PT) let

2, H, (xA) = Ky (A = 4, (A0)
be the ma,a 19 fhe [aoy exact sefueme o1c a pac?‘
[and i B% A thea debie ?,: HalxA)-> K, (8,0
fo be 0)
thea o (s a vatural trausform

) lf £:6,-6, a homeomorphism of abelcan groups
then we get an widuceo map H.(X6) - B (X 6,)
that behaves ‘naturally " woth respect o maps X=2r
this guwes a natuwnl trausformation Hy(-je) to H.(-;6,)

a gengm[z@) homolegy theory is a set of functors
h,' 7 — A
{'oge{he’r with e taral transforms PA h, (XA > h,_, (A,2)
saﬁ‘sfyfvy ) (Homotopy) F £,9: (XA —(F.B) are homotop
as maps of pass, thea b, (£) = h,,(g)
z) (Exaa‘nesg) me/‘; [X,A)I 7T A= X jifg)- (X4

the sequence
h ()25 () el | (ca) 25 b (A)

15 exact Yn




3) [Excision) F BCEcmtAchA cX thea the
cluscon map 7:(X-2, A-2) =2 (X ,A) wduces an

lsomorphise |, (1), (x-% A-8) = b, (X,A) Yo

%) (Ao/ohf'l'(/lé(' ) F (XA) is a d@aiﬂf vnion of
P‘”';‘S {XA,A;>,AéI; thea the wiclusion
Ma$ 1).' [X)IAQ—)/XM) viduce an
1somorphism @1, ¢ &, WK A) = halxA)

Th™23 (Erlen be/:? —Sfeenfd):
£ {Ani and {D,J 5 a jéfff‘a[l’{eo’ /;omo/oyy 'fﬁeo/}’ that salishes

(Mlﬁ?ﬂ’) L‘n [f’ t) = j(o, n=o some abelon 7roup G

NEO

< Slifja‘a/' Ltomo/cy)r
‘ét\eh fpf‘ al\)’ CVFQI/' [x, A)) An [X,A)?:- H.n (X,A/' (7)

ldeq ovf pnxrp . ook back at sectzon D arnd see you C(an comonts

halX,A) for any Cuw/- compl ¢ based on/y on e axioms
50 av\y 2 sveh functors Wzi) /neea/ o yt(/e the same€ answer

for (X,A) &

G. Geometric /nfC/"ﬂ/‘Cfu{ioM D)L bamo(o‘/i'z
the elements of H,(x) mg'yh{' be, ot the wonent, some what
Mysft’/u'ouj

here. i somefhing that seems more toncrete

let MXp* be 2 spooth ortcated manifolds

call 2 weaps f.'Mk—-aX and 1[,-'/1/1"-9)( tobordant F da smooth
onented maniifold w* ad a map F: WX svch that

& Teverse. aneiata fzoa
2w=-M U'V/

F7M=£‘ anJ F/A/=1c;



./
0 1Y

kt 'ﬂ'h[x ) = Cobordiim classes of mags of k-manitolds info K
group structure i digjoint V1o N
Hhs s nice sce we can thak of

ﬂ‘()() as vawon of S i X (mo/ulo surfaces)
2,00) as union of surtaces i X (modulo 5-man Folds)

howevea ﬁomcf/tba//y ap/aea/z&ty s mé;hz‘ be F s acﬁm/@/ vesy com/zém‘eo(

Z k=0

o (

0 2

o 3

z ¢

_ L4 5
L, (pt) = o ¢
0] v

29 g
2,02y 7

Z/Z. lo

74 i
£ 0 nzg

2 k=0

whese as /'4‘[,01")2 b P

Fact: 1, 65 a 7enem/z?ea/ h0m010j7 theory

every smooth wanitold M” has a {n_ﬂ}uégﬁéa' that & a union
ot embedded n- sl.q,olezr'e: with a/z}j bt wiferiorss st each @-1) - s}m/o/ex



65 the face 07[ mn‘é/ one n—s:né,o/oz' (F omep) or wo n—s:wi/o/za?f
[and the &-) - sch/% is orestcd oppszfe/f b/ o n'faép/cdl'ﬁ’)

e%’amg/e'- —>>

S
20N :
©
lemma 2%

NF M is an o/(éﬂfedl smooth, wmlﬂac'f n~- manfold
thea any map FiMK debnes an n-chamn 1 [Mk)
2) [F M does not have boundory then § defnes an n-cycle
[end heace on elewent [$(M] Hn[X))
3) F M does uot have boundqu and + ancd g are
homm‘vpz&, then [f(m)]:[9(m)] € H,(X)
) f W oa compa ct (""'/)”“0"/7[0/5/ weth W =-M UM,
and F:W—X 05 a map, hen [FlMo ]-[ F/M:] 5 H,(X)

Proof lea : Z‘Vzévyu(afe M ath 5/M,ol¢ieg o .. .q
then *1°¢, oare surgula n—slaﬁ/o/zb}e‘
can assemble thew, s0 all strfewmeutz Hve Y 4

Rewark: S0 we gef a wap <1, (X) = H, (X)

) map sur)ective for hee (s0 any homology clss (s
“realived "by a monfeld!)

2) map 5 an t’!omarphlfw for k43

3) for R27 3 homology closses that cant be realied by

a wmﬂf-fa// b“,{— V o€ Hh[)() Some Mu/f)/e net
can be realized.



